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Abstract

Transformations that involve a Fuchsian-type equation are used to obtain one-
to-one correspondence between the Painlevé I-IV equations and certain second-
order fourth-degree Painlevé-type equations.

PACS numbers: 0230, 0230H, 0230J

1. Introduction

An ordinary differential equation is said to be of Painlevé type, or to have the Painlevé
property, if the only movable singularities of its solutions are poles. The only first-order
first-degree differential equation that is of Painlevé type is the Riccati equation. First-order
and higher-degree differential equations of Painlevé type have been studied by Briot, Bouquet
and Fuchs (see [1]). Briot and Bouquet have classified all binomial equations of the form

)"+ F(z,v) =0, (1.1

where F is a rational function of v and locally analytic in z and m is a positive integer, that are
of Painlevé type. Fuchs (see [1]), Ince [1] and Chalkley [9] study Painlevé-type equations of
the form

ai(z, V)W) +ar(z, V)" 4+ a1 (2, V)V +a,(z,v) =0 (1.2)

where a;(z, v) are assumed to be polynomials in v whose coefficients are analytic functions
of z and a;(z, v) # 0. The necessary and sufficient conditions for these equations to be of
Painlevé type are given by the Fuchs theorem. The Fuchs theorem shows that, apart from other
conditions, the irreducible form of the first-order and second-degree Painlevé-type equation is

a1(2)(V)? +[a2(2)v? + a3(2)v + ag (D) + as(@)v* + ag(2)v* + a7 (2)v?

+ag(z)v +ag(z) (1.3)
where a;(z), j = 1,2, ..., 9 are analytic functions of z and a;(z) # 0. Let
F(v) = Agv* + A1v° + A0 + Asv + Ay (1.4)
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where
Ap = 4ayas — a% Ay = 4daja¢ — 2aza3
Ay = 4aya; — 2aya4 — a3 (1.5)
Az = 4dajag — 2azay Ay = 4dayag — af.

It is known that when F(v) # 0, there are unique polynomials F;(v) and F>(v) such that
F(v) = AQF(W[FR) (1.6)

where A(z) is an analytic function and Fj(v) has no multiple roots. In [9], it was shown
(theorem 6.2) that equation (1.3) is of Painlevé type if and only if the following conditions
hold:

. .. ) aF; oF,
@) Fi(v) divides G1(v) := (apv” + azv + a4)a— — 2a18—
v z
(ii) Ao =0and A, # 0 imply a» = 0 (L.7)
(iii) Ay=A; =A;=0and A3 # 0 imply a, = 0.
It was also shown (corollary 6.3) that the special case
2 oF oF
GWw) := (v +azv+ay)— —2a,— =0 (1.8)
av 9z

is of Painlevé type.

The best known second-order first-degree Painlevé-type equations are the so-called
Painlevé equations, PI, PII, . . ., PVI[1], discovered by Painlevé and his school. They classified
all equations of the form

V' = F(z,v,v) (1.9)

where F is rational in v’ and v and locally analytic in z. They found that there are 50 such
equations. The Painlevé equations, PI, PII, . . ., PVI, are the only irreducible ones and define
new transcendents. The other 44 equations are either solvable in terms of the known functions
or can be transformed into one of the six equations.

Painlevé-type equations of the second order and degree two or higher have been studied
in [2—4]. In [4], all binomial-type equations of the form

)" = F(z,v,V) m >3 (1.10)

were classified. It turns out that there are two second-order fourth-degree Painlevé-type
equations, labelled as BP-IX and BP-X, of the form of (1.10). BP-IX and BP-X were solved
in terms of elliptic functions or the special case of the second Painlevé transcendent.

Fokas and Ablowitz [8] developed an algorithmic method to investigate the transformation
properties of the Painlevé equations. However, certain second-order second-degree equations
of Painlevé-type equations related to PIII and PVI were also discussed. They used the
transformation

v +av?+bv+c
U= ———"""— (1.11)
dvi+ev+ f

where a, b, c,d, e, f are functions of z only. The transformation (1.11) is the only
transformation that is linear in v" and preserves the Painlevé property. The aim was to find
a,b,c,d,e, fsuchthat (1.11) defines a one-to-one invertible map between solutions v of the
Painlevé equations and solutions u of some second-order second-degree equations of Painlevé
type. In [5, 6] the same method was used to derive all second-order second-degree equations
of Painlevé type related to PI-PVI by transformations of the form (1.11).
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As an extension to the method of Fokas and Ablowitz, one may replace (1.11) by a
transformation of the form

(U/)2 + (CZQUZ +av +ao)v/ + b4v4 + b3v3 +b21)2 +b1v + by
u =
(cov? + v + o)V + dyv* + d3v3 + dov? + div + d

(1.12)

where a;, by, cj,dy, j = 0,1,2, k = 0,1,2,3,4, are functions of z. Let A; := c;u — aj,
By :=dwu—by, j =0,1,2,k =0,1,2,3,4. Then the transformation (1.12) preserves the
Painlevé property if the equation

(V)? = (A0% + Ajv + Ag)V' + Bav* + B3v® + Bov? + Biv + By (1.13)
is of Painlevé type. Comparing this equation with (1.3) one finds

F(v) = —[(4By + ADv* +2(2B3 + A1 Ax)v* + (4B + AT + 2A0Ar)v?

+2(2B, +A0A1)v+(4Bo+Ag ]. (1.14)
Thus equation (1.13) is of Painlevé type if it satisfies the following conditions:
. .. 2 8F1 8F]
@) Fy(v) divides G| (v) := —(Av" + Ajv + AO)E)_ — 28_
v z
(i) 4B4+A% =0and 2B; + AjA; # 0imply A, =0 (1.15)
(iii) 4By + A3 =2B3+ AjAy = 4By + AT +2A0A; =0

and 2B + ApA| # 0imply A, =0

where Fi(v) is the unique polynomial defined by equation (1.6). In [7], the
transformation (1.12) is used to obtain one-to-one correspondence between solutions v of
PI-PVI equations and solutions u of certain second-order second-degree equations of Painlevé
type.

In this paper, the transformation (1.12) will be used to obtain one-to-one correspondence
between solutions v of PI-PIV equations and solutions # of certain second-order fourth-degree
equations of Painlevé type. For the sake of simplicity, we use the transformation (1.12) subject
to the constraint

oF

5 oF
G) :=—(Aw" +A1v+Ag)— —2— =0. (1.16)
v 0z

The procedure is as follows: let v(z) be a solution of one of the Painlevé equations, which has
the general form

V' = Py(v,2) (W) + Pi(v, 2V + Py(v, 2) (1.17)

and let u(z) be given by the transformation (1.12). The aim is to choose a;, by, ¢; and dj such
that u(z) is a solution of a second-order fourth-degree equation of Painlevé type. To be more
specific, differentiating the equation (1.13) and using (1.17) to replace v” and (1.13) to replace
(v')? one obtains
OV +¥ =0 (1.18)

where
@ =P — 240 — A +2P5(A20* + Ajv + Ag)

4 3 2 1oF L s , (1.19)
W =2P)(B4v" + B3v” + Bov” + Bjv + By) + 150 +2P) — (A" + Ajv + Ap).

v

Now the aim is to choose a;, by, c; and di so that ® and W are identically zero and the
constrained G (v) = 0 is reduced to a quadratic equation for v

AW u, v+ B, u, v+ CW',u,z) =0. (1.20)
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Then, solving the equation (1.20) for v and substituting into equation (1.13) one obtains second-
order fourth-degree Painlevé-type equations for u. If one reduces G (v) = 0 to a linear equation
for v

AW, u, v+ B, u,z) =0 (1.21)

then substituting v = — B/ A into equation (1.13) gives second-order second-degree Painlevé-
type equations for u.

It turns out that PV and PVI do not have a transformation of this type. In the case of PI,
PII and PIV, there is only one choice of a;, by, c; and dj, that reduces G(v) = 0 to a quadratic
equation for v while in the case of PIII there are two choices. In each case, a second-order
fourth-degree Painlevé-type equation will be obtained. Some of the second-order fourth-degree
Painlevé-type equations will be used to rederive some known discrete Lie-point symmetries
of PII and PIII.

PI and a special case of PIII only have transformations such that G (v) = 0 can be reduced
to a linear equation for v. The case of PI has been considered in [7]. The case of PIII will be
investigated in this paper. Throughout this paper’ denotes the derivative with respect to z and
"denotes the derivative with respect to x.

2. Painlevé I

The first Painlevé equation, PI, is
v = 602 + 2. 2.1
For PI, equation (1.19) takes the form of
®=—(2Aw+A)
W = —[(A3+4By)v’ + 1(6B; + 3A| A, + 24} — 24)v? (2.2)
+1(4By +2A0As + AT +2A))v + L(2B) + AgA| +2A; — 42)].
To make ® = ¥ = 0, one should choose A, = Ay = B4 = B, =0, Ay = —ag, B3 = 4

and B; = 2z — Aj,. One can always absorb by and d; in u by a proper Mdbius transformation.
Hence, without loss of generality, one can set By = u. With these choices one obtains

F(v) = —[16V° + 42z — AQ)v +4u + A]] (2.3)
and hence

G(v) = 8[640v> + (2 — AJ)v +u' + zA]. (2.4)
Therefore, if Ay # 0, the equation G (v) = 0 gives the following quadratic equation for v:

6Aov” — (Aj — 2)v+u' + 749 = 0. (2.5
The equation (1.13) becomes

(W) = Aoy’ +4v* — (A) — 22)v +u. (2.6)
Let u(z) = %y(x) +q(x), z = r(x) and Ag(z) = e(x), where r(x) = — [ %,
G — r+ 51> (e*¢ + eé* — 2)> = 0. Then, following the procedure discussed in the introduction
yields the following second-order fourth-degree Painlevé-type equation for y(x):

4 : " 2 . :

[(y)z — 5 ¥O6fy+6y+ g)} = 16y [(f +DY =S¥ +3f7+ 6f)} @7
where

fx) = Lee+2r) gx) =2(fP +12ff +4g+¢e* — 2 (f+ 1% (2.8)
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Equations (2.5) and (2.6) give one-to-one correspondence between solutions v(z) of PI and
solutions y(x) of (2.7).

If Ay = 0, then G(v) = 0 reduces to a linear equation for v. Solving that equation for
v and substituting in equation (2.6), one obtains a second-order second-degree equation for
u [7].

3. Painlevé IT

The second Painlevé equation, PII, is
vV =203+ v +a. 3.1
For PII, ® and W take the form of
O =—Q2Aw+A))
W = —[(A3+4B4 — Hv’ + $(6B3 + 341 As + 2A))v* (3.2)
+1(4By + 240As + AT + 241 — 42)v + (2B + AgA| +24[ — 4a)].
Setting ® = W = 0, one obtains Ay = A = B3 =0, Ap = —ap, Bs = 1, B, = z and

B = —(Aj — 2a). One can always absorb by and dj in u by a proper Mébius transformation.
Hence, without loss of generality, one can set By = u. The equation G (v) = 0 reads
2A400° + 02 + (zA, — A v +u' +aAg = 0. (3.3)

If Ag # 0, then in order to reduce (3.3) to a quadratic equation for v one may try to write it as

(v—g)(Av>’+Bv+C) =0 (3.4)
where g is a function of z only. To achieve this aim, g(z) must be chosen so that

u' +aAy+glgQgAo+ 1) +zA0 — Agl =0 (3.5)
which is not possible. Therefore, the only way to reduce (3.3) to a quadratic equation for v is
toset Ag = 0.

Setting Ay = 0, one obtains the following quadratic equation for v:

vV +u' = 0. (3.6)
As aresult of these choices the equation (1.13) becomes

V)2 = vt + 207 + 200 +u. (3.7)

If o # 0, then the equations (3.6) and (3.7) give one-to-one correspondence between solutions
v(z) of PII and solutions u(z) of the following second-order fourth-degree Painlevé-type
equation:
(") +4@') — dz(u')? + 4uu')* = —64a*(u')>. (3.8)
One can easily note that « and —« give the same value of u, that is, u(z; @) = u(z; —«).
Thus, using equation (3.6), one obtains [v(z; a)]? = [v(z; —a)]?. Since v(z; @) # v(z; —a),
one obtains the well known discrete Lie-point symmetry of PII v(z; &) = —v(z; —a) [8].

When o = 0, the equation (3.8) reduces to the following second-order second-degree
Painlevé-type equation:

W +4w)? — 4zW")? + d4uu’ = 0. (3.9)

The change of variable z = — %x, u(z) = —f/zy (x) transforms equation (3.9) into the special

case (A; = 0) of the equation

(3)* = —4(9)° = 29(xy — y) + A1 (3.10)
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In [3], equation (3.10) was labelled as SD-1.d and solved in terms of the PII equation
i = 2w+ xw+ e (V241 - §) 3.11)

where € = £1. Equation (3.10) and its solution were rederived in [7]. The relation between
solutions u(z) of equation (3.9) and solutions y(x) of equation (3.10), with A; = 0, implies
the following one-to-one correspondence between solutions v(z) of the PII equation (3.1) with
o = 0 and solutions w(x) of the PII equation (3.11) with 1, = 0:

/

€v . 2,1 N
w=—-— €ew+w+5x =+/2v (3.12)
«3/51) 2

provided that v # 0. The Bécklund transformation (3.12) was first obtained by Gambier [10].
When v = 0, one obtains the known fact [8] that the PII equation (3.11) with A; = 0 has a
one-parameter family of solutions characterized by

e +w’+ix =0. (3.13)
4. Painlevé III
Let v(z) be a solution of the PIII equation
/" 1 N2 1 4 3 1 2 )
Vi =—-0W) ——v+yv +—-(ev +B)+—. 4.1
v Z Z v

Then ® and W take the following forms:

1 2
o= - Al — — Jv+2A
v Z

! 2 4, (2@ 3 .3
V=—|Q2y—A;,—2B)v'+|— — B3 — §A1A2 — A v “4.2)
v Z
LY 2 1 , 2B
— A1+§A1+A0A2 v+ BI_EAOAI —A0+7 U+2Bo+25 .
Setting ® = W = 0, one obtains Ag = 0, A} = % Ay = —ap, By = y — %A%
B; = 27"‘ — %Az — A, B = —% and By = —4§. Without loss of generality one may set

B; = u. In this case, the equation G (v) = 0 gives
2y.,3 / / 1 2 2y ,2
A2(4B4 + Az)v + 234 + A2A2 + 3A2 B3 + —A2 + —(4B4 + A2) v
Z Z

, 3 1., 3 , 2 B
+2 | B3+ —-Ay+-As+ =By +2Au (v+2|u +-u——A| =0. “4.3)
z z z z z

Now, the aim is to reduce equation (4.3) to a quadratic equation for v. This can be achieved
only by setting the coefficient of v3 equal to zero. There are two cases: (1) A, = 0 and
(2) A2+4B,=0.

Case 1. A, = 0. If y # 0, then the quadratic equation for v reads
yzv* +av+ 22w +2zu) =0 (4.4)
and the equation (1.13) reads

2 2 2
W)? = v +yvt+ D run? — —ﬁv — 4. 4.5)
z z z
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Letz = e, uz) = %ez" [y(x) — a?x]. Then there is a one-to-one correspondence, given
by (4.4) and (4.5), between solutions v(z) of the PIII equation and y(x) of the following
second-order fourth-degree equation of Painlevé type:

2

1 2 1
{(y)z +8yy — ;y’[(y’)2 +2Q2y — )y + 4o’y + g)]} =64y [ay - ;y‘(ay + h)] (4.6)

where
f(x) = a®(2x +3) + 6y
g(x) = 16aBy%e > — 168y e ™ — a*(4x +3) — 12a%y 4.7)
h(x) =2By%e > —a’(x +3) — 3ay.
If one replaces @ by —« and B by —pf, the equation (4.6) does not change. This means
y(x;a, B,v,8) = y(x; —a, —8, ¥, 6) and hence u(z; o, B, y,6) = u(z; —o, —8, y,6). Let
v=v(z;a, B,y,8) and let v = v(z; —a, —B, ¥, 8). Then equation (4.4) implies that
w+v)[yzv—v)+a] =0. 4.8)

Therefore, one rederives the well known discrete Lie-point symmetry of PIIl v(z; «, B, v, 8) =
—v(z; —o, =B, ¥, 8) [8].

Case 2. A% +4B4 = 0. In this case, the quadratic equation and (1.13) become
6vuzv? + 2wz u + 21 + v)v + 22U’ + 2zu — 2Bvz =0 (4.9)
and
2 2(w —v 2
W) = —v(vzv+1)v’—yv4+Mv3+uv2— —ﬂv—(S (4.10)
Z Z Z
respectively, where v = ,/y and © = a — 2v. Suppose that v # 0 and let z = r(x),
w=L(py+q)— 2 wherer(x) = =2 [ 45, p42g—Z = 0and pg+q*— 2q+32 =0.
Then one obtains the following second-order fourth-degree Painlevé-type equation for y(x):

{(y +2y7)2 = 8(y +e)(y + y) (I +2y¥) + 16<y2 +2ey +e” + W)(y +yH)?
2
+16(y* + g3y + 2237 + g1y + 80) (I + yz)}

= 16(y + y2>{(2y2 +2ey + f)(F +2yy)

2
"o .
—4(U2rpy+2y3+hzy2+h1y+ho>(y+y2)} (4.11)
where
2 1 1, 2 /(28 1 n
=—\q9—— =—-e+—|—— =2(e—
‘T (q W) f=5¢ p? (3M vzrz) 8 (e v2rp
K 4 0 2 4B
g=e+f—— 2<3P€+—> g1 =ef — 2q3<3pe+—+—
v2rp vr v2rp vF o ug @.12)
1 .
g0=—f>— ——(upeq* +4Bqg —or)  hy=2(2e— —
4 verp virp
2 2 8
h1:262+f_ 2M2 3p€+— I’l():ef_i 3pe__+_’3 .
verp vr 21)2}"]73 vr nq

The one-to-one correspondence between v(z) and y(x) is given by (4.9) and (4.10).
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Now we consider the case y = v = 0. In such a case, equations (4.4) and (4.9) give the
following equation for v:

dov + 22u +2zu = 0. (4.13)
The equations (4.5) and (4.10) give the equation
(zv' — v)? = 2z0° + (ZPu + DHv? — 2Bzv — 87°. (4.14)

Suppose that o # 0 and let z>u = 16y — 1, z> = x. Then solving (4.13) for v and substituting
in (4.14), one obtains the following second-order second-degree equation for y(x):
2
2.2 2. af | aé
=—4 -+ —=y - —. 4.15
x°y YEY =N+ 1o T 5o (4.15)

Equation (4.15) is a special case (A; = A, = 0) of the equation
X9 = =4y (Y — y) + () = 37+ A (XY = y) + A3Y + s (4.16)

The equation (4.16) was first obtained in [3] and labelled as SDI.b and was rederived in [7].
When y = o = 0, equations (4.4), (4.9) and (4.5), (4.10) give

22U +2zu =0 4.17)
and
(zv' = v)? = (ZPu+ Dv? —2Bzv — 872 (4.18)

respectively. Equation (4.17) implies z°u = k where k is the integration constant. Hence,
(4.18) reduces to the following first-order second-degree equation:

(zv' —v)? = (k+ Dv? — 2Bzv — 87°. (4.19)

Therefore, if « = y = 0, PIII admits the first integral (4.19). The transformations
AW — A —
v = —w—/ﬂ w=2@+1) (4.20)
w v

where A2 = —§, give one-to-one correspondence between solutions v(z) of PIII and solutions
w(z) of the following Riccati equation:

27w’ + w? — 2w —k = 0. 4.21)

The relation between PIII with « = y = 0 and equation (4.21) was first given in [8].

5. Painlevé IV

Let v(z) be a solution of the PIV equation

1 3
V' = — )+ 20 + 4707 +2(F —a)v+é. (5.1
2v 2 v

For PIV, ® and W have the following forms:

1
o = ——(sz — A())
v

w:l (3 — A2 —3By)vt + 8z—233—§A1A2—A/ v}
v 2 2 2 (5.2)

+(4z2 — 4o — A} — By — AT — AgA)0?
—(3A0A1 + A + By + Zﬁ}.
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Setting ® = W = 0, one obtains Ag = A, = 0, Ay = —a1(z), B4 = 1, By = 4z,
B, = 4(z> — @) — A} — A% and By = —2p. Without loss of generality one may set By = u.
In this case, the equation G(v) = 0 gives

8A V7 +8(3zA; +2)v2 +[4By +2A1 A} + A{(4By + AD v +4u' +2Au = 0. (5.3)
Thus, one should set A; = 0 to obtain the following quadratic equation for v:
v +2zv+ i’ = 0. (5.4)

The equation (1.13) takes the form
)2 = v* +4z20° + 42> — a)v? +uv — 28. (5.5)

Letu = —y+ %z3. Then y(z) satisfies the following second-order fourth-degree equation of
Painlevé type:

(") = Y1) =82 +2a)y + 162y — f1? = 64y'(y" —y'(y — 32° = 8az)}> (5.6
where f(z) = 16(3z* +4az> + 28 + 1).

References

[1] Ince E L 1956 Ordinary Differential Equations (New York: Dover)
[2] Bureau F 1972 Ann. Math. 91 163
[3] Cosgrove C M and Scoufis G 1993 Stud. Appl. Math. 88 25
[4] Cosgrove C M 1993 Stud. Appl. Math. 90 119
[5] Sakka A and Mugan U 1997 J. Phys. A: Math. Gen. 30 5159
[6] Sakka A and Mugan U 1998 J. Phys. A: Math. Gen. 31 2471
[7]1 Mugan U and Sakka A 1999 J. Math. Phys. 44 3569
[8] Fokas A'S and Ablowitz M J 1982 J. Math. Phys. 23 2033
[9] Chalkley R 1987 J. Diff. Eqns 68 72
[10] Gambier B 1910 Acta Math. 33 1



